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O ■ Abstract 

| Recently Galvao and Hardy have shown that quantum cloning can improve the 

performance of some quantum computation tasks. However such performance en- 
hancement is possible only if quantum correlations survive the cloning process. We 
investigate preservation of the quantum correlations in the process of non-local 
cloning of entangled pairs of two-level systems. We consider different kinds of 
quantum cloning machines and compare their effectiveness in the cloning of non- 
maximally entangled pure states. A mean entanglement is introduced in order to 
obtain a quantitative evaluation of an average efficiency for the different cloning 
machines. We show that a reduction of the quantum correlations is significant and 
it strongly depends upon the kind of cloning machine used. Losses of the entangle- 
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i-£h I ment are largest in the case of the universal quantum cloning machine. Generally, in 

all cases considered the losses of the entanglement are so drastic that the method of 
enhancement for the performance of the quantum computation using the quantum 
d \ cloning seems to be questionable. 
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1 Introduction 

Quantum correlations allow one to perform many communicational and computational 
tasks with efficiency unattainable using classical devices and they are at the heart of all 
considerations in quantum information theory. On the other hand the quantum correla- 
tions are very sensitive to any disturbances and easily suffer degradation. Any operation 
performed on a quantum correlated system can result in decreasing entanglement. 

One of the most important feature of information encoded in the quantum systems is 
that while classical informations can be copied exactly, quantum information cannot be 
cloned with perfect accuracy. More precisely, it is not possible to obtain a perfect copy of 
an arbitrary, unknown quantum state using unitary transformations. This so-called no- 
cloning theorem recognized by Wootters and Zurek pQ follows directly from the linearity 
of quantum mechanics. A quantum cloning machine designed to perfect cloning of a given 
finite set of orthogonal states is used in a proof of this theorem. The orthogonal states are 
cloned perfectly using this quantum cloning machine, but clones of all other states contain 
errors. This cloning machine is a special example of state-dependent doners, which in 
general case produce approximate clones of the chosen non-orthogonal states El Ej. 
State-independent cloning machines producing clones, whose quality is independent of 
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input states, form another class of the doners. Buzek and Hillary first showed how the 
no-cloning theorem can be bypassed [3]. They also proposed construction of a network, 
consisting of quantum gates, realizing the idea of an universal cloning machine jSj. This 
network clones any quantum state of a qubit equally well, where the figure of merit is the 
local fidelity, i.e. an overlap between the states of the input and the output qubits. These 
results were extended later to cases where d-dimensional systems, for d > 2, are cloned 
and to cases where more than two clones are obtained in the cloning process [UEH!!]. 

Quantum cloning is considered in quantum cryptography as a useful tool allowing a 
partial break in security of some quantum cryptography protocols j3J. Recently Galvao 
and Hardy have shown that quantum cloning can be also applied to improve the perfor- 
mance of some quantum computation tasks ^Hj- Preservation of the quantum correlations 
is specially important in this case because the computational power of quantum comput- 
ers is based on the use of highly correlated quantum systems. Cloning can be considered 
as a method of enhancement of the efficiency of the quantum computers only if it allows 
one to produce clones which are not only similar to the cloned systems, but in the first 
place, if it preserve the entanglement of the states. 

The article has the following structure. We begin with short characterization of the 
three kinds of deterministic cloning machines. Next, we recall a definition of the entan- 
glement of formation, which is used to measure the quantum correlations and finally, in 
the main part of the article, we present results of calculations of the entanglement of for- 
mation for the clones obtained using the cloning machines considered and we compare the 
efficiency of these doners with regards to the preservation of the quantum correlations. 



2 Quantum cloning machines 

First we consider the Wootters-Zurek cloning machine. Originally Wootters and Zurek 
considered cloning of qubits, i.e. states belonging to a two-dimensional Hilbert space. We 
want to study the cloning of the correlated systems, so we need to extend the Wootters- 
Zurek results. We propose an extended version of the Wootters-Zurek cloning machine 
adapted to a task of cloning the entangled states of the two qubit systems. We choose 
a basis of Bell states as the set of states which are perfectly cloned: |</?(i,2)) — |$ ) — 
^(|00) ± |11)) and |yj (3t4) ) = |^ ± ) = ^(|01) ± |10)). The cloning process is defined by a 
transformation relation on the states \tpi): 

\<fi)\\ )z\u)c — ► |^i)i|^)2ki)c- (1) 

At the beginning of the cloning process the second pair of qubits is in a given, but non- 
specified blanc state | ) 2 and the cloning machine is in an initial state \oS)c- After the 
transformation both pairs are in the cloned state \<Pi), and the cloning machine is in the 
final state \ui)c depending upon the initial state of the input pair of the qubits. 

We consider not too much restrictive assumption that the states \u>i) of the doner 
are orthogonal, i.e. (ui\uj) = 5y. An arbitrary pure superposition of the basis states 
li'in) — J2t=i oii\^Pi) transforms as follows: 

4 4 

^2oLi\(pi)i\ ) 2 \w)c — ► ^2oii\(Pi)i\(pi)2\^i)c = |*)iac ■ ( 2 ) 

i=\ i=l 
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A reduced density operator of any clone reads: 

. (out) 



/Si = iv ft ^ 1 lrrcl|*>gg ) SS , <*|J (3) 
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where for simplicity we have taken the probability amplitudes, aij, real. The fidelity of 
the clones Fiai) = (tpi n \Pk l^Pin) — Yh=i a \- We see that in agreement with the scheme 
of this cloning machine, the basis states are cloned perfectly and the clones of all other 
states contain some errors. This is illustrated by changes of the fidelity, which is less 
than one for these states. The minimal fidelity F m i n = j and it is less than the fidelity 
attained in a procedure for the estimation of states using an optimal measurement, which 
can be regarded as a classical counterpart of the quantum cloning ^T] . The mean fidelity 
of such classical cloning F c [ ass = |. Eight product states of a form \ipin) = Ht=i cx i\ ( Pi)i 
where a« = ±|, are cloned the worst. These states are fortunately least interesting from 
our point of view. The Wootters-Zurek cloning machine clones some states very badly. 
However it has one big advantage: the quantum correlation of some kind of states are 
completely preserved in the cloning. 

Next under consideration is the best known and most widely studied, the state- 
independent symmetric optimal quantum cloning machine |S] . The cloning transfor- 
mation is a shrinking type transformation, which can be formally expressed in the form: 
pimit) — > g p(id) _|_ l^s -[ w h ere the shrinking factor s = ^jf, p^ is a density matrix of 
the ideal clone of the input state and M is the number of clones produced |U] . All clones 
are in this same final state described by the density matrix p( out \ We restrict our inves- 
tigations to a case when only two clones are produced due to, first, it being the generic 
case, and second, for more clones the entanglement of each of them rapidly decreases with 
the number of clones It is not possible to obtain arbitrarily many entangled clones 
of the input state even if the cloned pair of the qubits is at the beginning of the cloning 
process in the maximally entangled state. The clones are entangled if at most five copies 
are produced. More copies will already be in states with no quantum correlation [T2] . 

At the end of the survey on the classes of the deterministic quantum cloning machines 
we turn our attention on the class of asymmetric state-independent cloning machines 13] . 
In this case the states of the clones are different. They are described by density matrices 
obtained as a result of action similar to before, i.e. shrinking type transformations. 
However now the scaling factors can be different: 

^ + 1^*1, (4) 

where, as previously, we have restricted the considerations to the case of two clones, i.e. 
i = 1,2. The parameters s, are connected by a relation: 

A(l- Sl -s 2 ) 2 -(l- Sl )(l-s 2 ) <0, (5) 

which define a range of allowed values of them. In extremal cases the asymmetric cloning 
transformation degenerates: when s± — 1 and s 2 = the states of the qubits do not 
change at all, and when si = and s 2 = 1 the states of the qubits swap; and actually 
these transformations should not be called the cloning. When both shrinking parameters 
are equal to t the symmetric cloning machine is reproduced. 
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3 Entanglement of formation of clones 



The non-locality of the quantum state can manifest itself in many different ways. The 
best known and one which has been tested in many experiments is a violation of the 
Bell inequality [TH I15j. However, the violation of the Bell inequality is not wholly sat- 
isfactory measure of the quantum correlations. There are other quantities which have 
been developed as measures of the quantum non- locality [TBJ [T7J UHl HH] . In the case of 
a pair of correlated qubits, one such measure is the entanglement of formation [T%1 119j. 
This quantity is much more sensitive to the degree of quantum correlations than the Bell 
inequality and what is also very important is that a finite, compact analytical formula for 
it is known. The entanglement of formation E[p] is defined in the following way [T%1 I19|: 

E\p]=E(C(p)), (6) 

where 

S (v) = h (i + ^EZ) , (7 ) 

h(x) = —x log 2 (x) — (1 — x) log 2 (l — x) and C(p) is so-called concurrence of the two-qubit 
state p given by expression: 

C(p) = max{0,A 1 -A 2 -A 3 -A 4 }. (8) 

The Aj's in these expressions are the square roots of eigenvalues, in decreasing order, of 
a non-Hermitian matrix pp, and p = (a y ® a y )p*(a y ® a y ). We use the entanglement of 
formation to investigate preservation of the quantum correlations in the cloning process. 
We compare the three above-described cloning machines used to produce the clones of 
the non-local system consisting of two qubits formed in the entangled pure state. Any of 
the Bell states can be chosen: 

= a\Q0)±P\U), 
= a |01)±/?|10), 

where a determines the amount of entanglement in the state, (3 = a/1 — a 2 and for 
simplicity both a and (3 are taken as real. We decide to use the state \^~{a)). The 
states of the clones at the output of the cloning machines considered are described by the 
following density matrices. 

1. Wootters-Zurek cloning machine (WZCM) 



P^m(«) = ^|01)(01| + |10)(10| (9) 

-2a/3(|01}(10| + |10}(01|)]. 
2. Symmetric universal cloning machine (SCM) [S] 

pS(«) = |oi)(oi| + l 10 >< 10 l ( 10 ) 

3n 3 (|01)(10| + |10)(01|) + 1 (|00><00| + |11)(11|). 
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Figure 1: Entanglement of formation of the clones obtained using WZCM (dashed curve) 
and SCM (solid curve) as a function of the parameter a. 



3. Asymmetric universal cloning machine (ACM) 

f l ^ (4a 2 -1)^ + 1 | m w m| , (4/? 2 -l)s i + l 
PiUcM a N = ^ |01> (01 1 + |10)(10| (11) 

- Si a/3(|01)(10| + |10)(01|) + i^i (|00)(00| + |11)(11|). 

We calculate the entanglement of formation of the output states of the cloning ma- 
chines described above. In figure Q we show the entanglement of formation of the clones of 
the states |\& - (a)) obtained as the result of cloning using the symmetric universal cloning 
machine and the Wootters-Zurek cloning machine. The clones produced by the SCM 
distinctly lose the entanglement, not only the value of entanglement for them is strongly 
reduced but also some states, which, at the beginning had less entanglement, but have 
now lost all of it. The degree of reduction depends upon how much entanglement the 
state had before the cloning and is maximally equal to a factor | for the singlet state 
l^ - ) = \^f~(-^=)). The entanglement of the clones obtained in cloning by the WZCM is 
equal to the entanglement of the initial states which were cloned. The prize for entan- 
glement preservation, which must be paid in this case, is dependence of the fidelity upon 
the input state of the cloning transformation. An analysis of the asymmetric cloning 
machine is more complex because two additional parameters characterizing the cloning 
transformation are presented in this case. In order to describe a mean amount of the 
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Figure 2: Average entanglement of formation of the clones produced from the singlet state 
\^~) using ACM as a function of the shrinking parameters si and S2- 



entanglement falling to the clones we define an average entanglement per clone: 

E ACM (<*\S1, $2) = IY, E \PiACM( a \ S i)}- ( 12 ) 
z i=l,2 

In figure Elwe show the average entanglement Ej£cm ( | -Si , s 2 ) of the clones of the singlet 
state |^ _ ) for values of the scaling parameters s\ and s 2 belonging to the region given 
by Eq. (5). The maximum of the average entanglement is attained for two 'degenerate' 
cases, when the state of the cloned pair of qubits does not change or when the cloned pair 
and the blanc pair swap states. We exclude these two cases from our analysis because 
cloning actually do not happen in them. We see that the average entanglement is largest 
for values S\ and s 2 , which lie on a curve bordering the region containing allowed values 
of the parameters Sj from a side of larger values of E^cmi the curve described by the 
equation: = f (7 — 7si + \Jl + \As\ — 15s?) and attains minimum on the curve 

which borders the region considered from the opposite side, the curve given by the equation 
s 2 ( s i) — | (7 — 7si — \Jl + lAs\ — 15sf). We concentrate our attention on these values 
of the parameters s^, which correspond to largest values of the average entanglement. 
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Figure 3: Average entanglement of formation of the clones produced from the singlet 
state using ACM for the shrinking parameters s\ and s^Sx) as a function of the 
parameter s\. The dashed line shows the entanglement of formation of the clones obtained 
using SCM. 



In figure El the average entanglement E^cm (^\ s ii s 2) of the clones of the singlet state 
for parameters si and s 2 = s^(si) is presented. A dashed line corresponding to the 
value of the entanglement of the clones obtained using the symmetric cloning machine is 
used as a reference. It turn out that the asymmetric cloning machine can, on average, 
be evidently better at cloning the entangled states than the symmetric cloning machine, 
which produces identical but less entangled clones. The ACM allows one to preserve in 
both clones more entanglement at the cost of a non-uniform distribution of its between 
the produced clones. The minimal value of the average entanglement is obtained for 
Si — | = S2, which is precisely the value of the shrinking parameter of the SCM. So 
far we have studied the average entanglement of the clones of the singlet state. It is 
the most representative quantity because the singlet state is maximally entangled state. 
To complete the considerations concerning the asymmetric cloning machine we show in 
figure|Uthe average entanglement (a\si, ^(si)) for the clones of states \^~(a)} for 

the scaling parameters (si, sjj" (si)) lying on the curve corresponding to maximal values 
of the average entanglement. We see that also for states other than the singlet state 
the ACM is more efficient in preserving of the entanglement. The maximum of the 
average entanglement is obviously attained for the singlet state and for this state the 
dependence upon the shrinking parameters is most evident. For other input states the 
average entanglement is already less sensitive to changes of the parameter s\. 
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Figure 4: Average entanglement of formation of the clones of the pure states \^~(a)) 
produced using ACM calculated for scaling parameters (si, s^(si)) as a function of the 
parameters a and s\. 



Comparison of the cloning machines using the entanglement of formation calculated for 
the clones of the states \^~(a)), presented above, informs us how many of the quantum 
correlations survive the cloning when the given state is cloned. We would like also to 
know, which of the considered cloning machines is better, more efficient, preserve more 
entanglement on average, when the cloned states are chosen arbitrarily. In order to 
analyse quantitatively such a quantity we define a new parameter: a mean entanglement 
of a family of the states, calculated as the average of the entanglement of formation over 
the whole ensemble of the input states: 



where an index b = WZCM, SCM, specifies the kind of cloning transformation. In 
the case of the asymmetric cloning machine the mean entanglement still is a function 




(13) 



(14) 
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Figure 5: Mean entanglement of formation of clones produced using ACM (solid curve), 
using WZCM (dashed line), and SCM (dotted line) as a function of the parameters s^. 



of the scaling parameters s«. In the both remaining cases the mean entanglement is 
just a number characterizing the global ability of these cloning machines to preserve the 
quantum correlations in the cloning process. The mean entanglement of formation for 
the WZCM and the SCM are, respectively, E WZCM = 0.59026 and E SCM = 0.11747. In 
figure El we show the mean entanglement of the clones obtained using the ACM for the 
shrinking parameters (s\, sj(si)). We see that the mean entanglement of formation is 
larger when the ACM produces more asymmetric clones and tends to a minimal value 
for the scaling parameters corresponding to the SCM. The mean entanglement is largest 
for the WZCM, the result of the cloning process using the ACM is much poorer and the 
mean entanglement of the clones obtained using the SCM is already very small and close 
to zero. 

4 Conclusions 

To summarize, in this article we have investigated how the entanglement of formation 
of the pairs of qubits changes in the cloning process. We have analysed three kinds of 
the doners: the modified version of the state-dependent Wootters-Zurek cloning machine 
designed to produce perfect clones of the Bell states, the universal symmetric cloning 
machine producing similar clones and the state-independent asymmetric cloning machine 
producing clones which are different. We have computed and compared the entanglement 
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of formation of the clones of the entangled pure states. We have shown that the entan- 
glement degrades very distinctly in the case of the SCM. The clones produced using the 
ACM are much more entangled, however the entanglement is non-uniformly distributed 
among the clones. Also, more entanglement is preserved on average in the case of the 
ACM, when mean value of the entanglement per clone is analysed. In the case of the 
WZCM the whole entanglement of the cloned systems survive. We have also defined the 
new quantity, the mean entanglement calculated as the mean over the whole ensemble of 
the cloned states, the quantity, which characterizes the cloning machines globally. The 
mean entanglement seems to be large enough for the WZCM to hope that such a doner 
can be useful in practical applications, but the fidelity of the clones produced is rather 
poor in this case. In both remaining cases the mean entanglement is much smaller. 

We conclude that the quantum cloning machines can be used to produce the clones of 
entangled states, however the entanglement of the clones is reduced. The most entangled 
are clones obtained using the cloning machine, which is specially designed to preserve the 
entanglement, but which is rather poor as the doner. Conversely, the universal cloning 
machine clones states quite well, but the clones obtained are almost completely devoid of 
entanglement. 

The results obtained seems to suggest that the quantum cloning cannot actually be 
used to improve the performance of the quantum computation tasks due to the drastic 
reduction of the entanglement in the cloning process. 
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